In this paper, we introduce the classes of weak Γ-(semi)hypergroups as a generalization of the class of Γ-(semi)hypergroups and complementable weak Γ-(semi)hypergroups. We show that every non-cover weak Γ-complete hypergroup is complementable Γ-hypergroup. Moreover, the associated semihypergroup from weak Γ-(semi)hypergroups and homomorphism of weak Γ-(semi)hypergroups are investigated.
Introduction
The algebraic hyperstructure notion was introduced in 1934 by a French mathematician Marty (1934) , at the 8th Congress of Scandinavian Mathematicians. He published some notes on hypergroups, using them in different contexts: algebraic functions, rational fractions, and non-commutative groups. Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a classical algebraic structure, the composition of two elements is an element, while in an algebraic hyperstructure, the composition of two elements is a set. Around the 1940s, the general aspects of the theory, the connections with groups, and various applications in geometry were studied. The theory knew an important progress starting with the 1970s, when its research area enlarged. A recent book on hyperstructures (Corsini & Leoreanu, 2003) points out to their applications in cryptography, codes, automata, probability, geometry, lattices, binary relations, and graphs and hypergraphs. Many authors studied different aspects of semihypergroups, for instance, Bonansinga and Corsini (1982) , Corsini (1980) , Davvaz (2000) , Freni (2004) , Leoreanu (2000) , and Onipchuk (1993) . Sen and Saha (1986) defined the notion of a Γ-semigroup as a generalization of a semigroup. One can see that Γ-semigroups are generalizations of semigroups. Many classical notions of semigroups have been extended to Γ-semigroups and a lot of results on Γ-semigroups are published by a lot of mathematicians, for instance, Saha (1987) , Sen and Chattopadhyay (2004) , Sen and Seth (1993) , Sen and Saha (1990) , Sen and Saha (1986) , Zhong and Sen (1997) , Seth (1992) and Hila, Davvaz, and Dina (2012) .
In this research, first, we introduce a generalization of the notion of Γ-(semi)hypergroup by the notion of weak Γ-(semi)hypergroup. Using the class of weak Γ-(semi)hypergroup, we construct a semihypergroup. Then, we introduce the class of complementable weak Γ-(semi)hypergroup and weak Γ-complete semihypergroup, respectively. Moreover, we prove that every non-cover weak Γ-complete hypergroup is complementable weak Γ-hypergroup. Finally, we study homomorphism between two weak Γ-(semi)hypergroups.
Preliminaries
We recall here some basic notions of hypergroup theory and we fix the notations used in this note. We referee the readers to the following fundamental books Corsini (1993 
Weak Γ-semihypergroups
In this section, we introduce a generalization of the notion of Γ-(semi) hypergroup by the notion of weak Γ-(semi)hypergroup. Using the class of weak Γ-(semi)hypergroup, we construct a semihypergroup.
Definition 3.1 (see Mirvakili, Anvariyeh, & Davvaz, 2013 ) Let S and Γ be two non-empty sets. S is called a Γ-(semi)hypergroup if for every ∈ Γ is a hyperoperation on S, i.e. x y ⊆ S, for every x, y ∈ S, and for every ( , ) ∈ Γ 2 and (x, y, z) ∈ S
3
, we have (x y) z = x (y z).
The Γ-semihypergroup S Γ is called non-cover if for every x, y ∈ S and ∈ Γ we have x y ≠ S.
From now on, we show the (semi)hypergroup (S, ) by S . If every ∈ Γ is an operation, then S is a Γ-semigroup. If S is a hypergroup for every ∈ Γ, then S is called a Γ-hypergroup.
Definition 3.2 Let S and Γ be two non-empty sets. S is called a weak Γ-(semi)hypergroup if for every ∈ Γ is a hyperoperation on S, i.e. x y ⊆ S, for every x, y ∈ S, and for every ( , ) ∈ Γ 2 and (x, y, z) ∈ S 3 , we have Moreover, S is called a weak Γ-hypergroup if for every ∈ Γ, we have a S = S a = S , for all a ∈ S . 
Example 3.4 Let n, t ∈ ℕ, 2 ≤ n, and (Z n , +) be the cyclic group of order n. Consider the operation
Let (S, Γ) be a weak Γ-hypergroup. We define the hyperoperation • Γ on S as follows:
From now on, we call (S, • Γ ) the (semi)hypergroup associated from (S, Γ).
[ Example 3.6 The associated hypergroup of (S, Γ) in Example 3.3 is as follows:
Example 3.7 Suppose that in Example 3.4, n = 3 and K = {1, 3}. Then, the associated hypergroup is as follows:
Complementable weak Γ-semihypergroups
In this section, we introduce the class of complementable weak Γ-(semi)hypergroup and weak Γ-complete semihypergroup, respectively. Moreover, we prove that every non-cover weak Γ-complete hypergroup is complementable weak Γ-hypergroup. In this case, (S, Γ) is not complementable Γ-semihypergroup since (S, c ) is not a semihypergroup.
• Proof The proof is straightforward. ✷ Proposition 4.6 Every non-trivial Γ-group is complementable. . ✷
Theorem 4.7 Every non-cover weak Γ-complete (semi)hypergroup is complementable
Proof Let (H, Γ) be a weak Γ-complete (semi)hypergroup. Then, for every ∈ Γ, H is a complete (semi)hypergroup. So by Theorem 2.1, there exist a group (G , ⋅ ) and disjoint family {A , i } i∈G such that x y = A i⋅ j , where x ∈ A i , y ∈ A j . Now we have
Proof If (H, ) is a non-cover complete hypergroup, then there exist a group (G, ) and a disjoint family
On the other hand,
Thus, (x c y) z = x c (y z); similarly, we have Moreover, (H, c ) is also a hypergroup. Thus, the aim is valid. ✷
Homomorphism of weak Γ-semihypergroups
In this section, we study homomorphism between two weak Γ-(semi)hypergroups.
Definition 5.1 Let (S 1 , Γ 1 ) and (S 2 , Γ 2 ) be two weak Γ-semihypergroups. An ordered pair ( , ) of mapping is called a homomorphism of S 1 into S 2 if it satisfies the following properties:
Moreover, if mapping and are one-to-one correspondence, then ( , ) is called an isomorphism; in this case, we write (
Proposition 5.2 Let (S 1 , Γ 1 ) and (S 2 , Γ 2 ) be two non-cover isomorphic weak Γ-semihypergroups. Then,
; then, we have Therefore, ( , ) is an isomorphism. ✷ Theorem 5.3 Let (S 1 , Γ 1 ) and (S 2 , Γ 2 ) be two weak Γ-semihypergroups and ( , ) be a homomorphism from (S 1 , Γ 1 ) into (S 2 , Γ 2 ). Then, is a homomorphism from (S 1 ,
is an isomorphism, then their associated semihypergroups are isomorphic.
Weak Γ-Rosenberg semihypergroups
In Rosenberg (1998) (ii) has full range: ℝ( ) = H;
, then (a, x) ∈ , whenever x is an outer element of .
Let , be two relations on H; we define For the converse, if a ∈ (x, y) ∪ (z), then a ∈ (z) or a ∈ (x, y). From a ∈ (z), we conclude that a ∈ (x• y)• z. If a ∈ (x, y), then (x, a) ∈ or (y, a) ∈ . Hence, there exists u ∈ H such that (x, u) ∈ and (u, a) ∈ or (y, u) ∈ and (u, a) ∈ . Therefore, a ∈ (x• y)• z. Similarly, we have 
